Abstract. Consider an m×n table T and latices paths ν 1 , . . . , ν k in T such that each step ν i+1 − ν i = (1, 1), (1, 0) or (1, −1). The number of paths from the (1, i)-blank (resp. first column) to the (s, t)-blank is denoted by D i (s, t) (resp. D(s, t)). Also, the number of all paths form the first column to the las column is denoted by I m (n). We give explicit formulas for the numbers D 1 (s, t) and D(s, t).
Introduction
A lattice path in Z 2 is the drawing in Z 2 of a sum of vectors from a fixed finite subset S of Z 2 , starting from a given point, say (0, 0) of Z 2 . A typical problem in lattice paths is the enumeration of all S-lattice paths (lattice paths with respect to the set S) with a given initial and terminal point satisfying possibly some further constraints. A nontrivial simple case is the problem of finding the number of lattice paths starting from the origin (0, 0) and ending at a point (m, n) using only right step (1, 0) and up step (0, 1) (i.e., S = {(1, 0), (0, 1)}). The number of such paths are known to be the the binomial coefficient m+n n . Yet another example, known as the ballot problem, is to find the number of lattice paths from (1, 0) to (m, n) with m > n, using the same steps as above, that never touch the line y = x. The number of such paths, known as ballot number, equals m−n m+n m+n n . In the special case where m = n + 1, the ballot number is indeed the Catalan number C n .
Let T m,n denote the m × n table in the plane and (x, y) be the blank in the columns x and row y (and refer to it as the (x, y)-blank). The set of lattice paths from the (i, j)-blank to the (s, t)-blank, with steps belonging to a finite set S, is denoted by L(i, j; s, t : S), and the number of those paths is denoted by l(i, j; s, t : S), where 1 i, s m and 1 j, t n. Throughout this paper, we set S = {(1, 1), (1, 0), (1, −11)}, and the corresponding lattice paths starting from the first column and ending at the last column are called perfect lattice paths. The number of all perfect lattice paths is denoted by I m (n), that is,
l(1, i; n, j; S).
Sometimes it is more convenient to name each step of lattice paths by a letter, and hence every lattice path will be encoded as a lattice word. We label the steps of the set S = {(1, 1), (1, 0), (1, −1)} by letters u = (1, 1), r = (1, 0), and d = (1, −1); also if h is a letter of the word W, order or size of h in W is the number of times the letter h appears in the word W and it is denoted by |h| = |h| W .
Computing I m (n) in special cases
In this section, we give formulas for the number I m (n) in the cases where n + 1 m 2n and 2n m. To achieve this goal, we must to recall some further notations from [1] . Let T be the m × n table and S = {(1, 0), (1, 1), (1, −1)}. The number of lattice paths from the Table 1 illustrates the values of D 8 (s, t) for 1 s, t 8. Also, the number of lattice paths from the first column to the (s, t)-blank is denoted by D m,n (s, t), that is,
When there is no confusion we write D(s, t) for D m,n (s, t). Clearly, I m (n) is the number of words a 1 a 2 . . . a n−1 a n (a i ∈ {1, . . . , m}) such that |a i+1 − a i | 1 for all i = 1, . . . , n − 1. Figure 1 shows perfect lattice paths in T 2,3 and the corresponding words, where the i th letter indicates the rows whose i th point of the paths belongs to. In what follows, the number of lattice paths from (1, 1)-blank to (s, t)-blank (1 s n and 1 t m), using just the two steps (1, 1) and (1, −1), is denoted by A(s, t). In other words, A(s, t) = l(1, 1; s, t : Table 1 illustrates the values of A(s, t) for 1 s, t 8. Clearly A(s, t) = 0 for s < t, and that A(s, t) is the number lattice paths from the (1, 1)-blank to (s, t)-blank not sliding above the line y = x. One observe that A(s, t) = 0 if s, t have distinct parities as the paths counted by A(s, t) begins from (1, 1) and every step in S ′ keeps the parities of entries so that such paths never meet (s, t)-blanks with (s, t) having distinct parities. Using the symbols u and d, the number A(s, t) counts the words of length s − 1 on {u, d} whose all initial subwords have more or equal u than d. For example, Table 1 tells us A(6, 1) = 5 and the corresponding five words are uuudd, uudud, ududu, uuddu, uduud. Analogous to A(s, t), the number D 1 (s, t) counts the words a 1 a 2 . . . a i with 1 a i t such that |a i+1 − a i | 1 for all 1 i s − 1. In other words, D 1 (s, t) counts the number of words of length s − 1 on {u, r, d} whose all initial subwords have more or equal u than d. For example, Table 1 shows that D 1 (4, 1) = 5, and the corresponding five words are uud, urr, rru, udu, rur. 
Proof. Let P be a lattice path starting from the (1, 1)-blank and ending at the (s, t) with three steps u, r, d that never slides above the line y = x. Clearly, |u| P − |d| P = t − 1. Since the number of steps to reach the (s, t)-blank is s − 1 steps, we must have
Omitting all the r steps from P yields a path P ′ from (1, 1)-blank to the (t + 2|d| P , t)-blank using only u and d steps. For any such a path P ′ one can recover . Recall that A(s, t) is the number of words W of length s−1 on {u, d} with more or equal u than d in any initial subword, hence A(s, t) is equal to the above number with m := |u| W and n := |d| W . Now since |u| W + |d| W = s − 1 and |u| W − |d| W = t − 1, it follows that m = (s + t)/2 − 1 and n = (s − t)/2. Hence we obtain the following Lemma 2.3. Inside the n × n table, we have
. for all 1 s, t n.
Corollary 2.4. Inside the n × n table, we have
for all 1 s, t n.
In [1] , we have computed the number I n (n) for all n 1. In what follows, we shall give formulas for I m (n), where n + 1 m 2n. To achieve this goal, we use the numbers H(s, t) inside the m × n table defined as
where 1 s n and 1 t m. Lemma 2.5. Inside the m × n table with m n 2m, we have
Proof. Consider the m × n table T as the subtable of the n × n table T ′ with T in the bottom. We know that D(n, n) = H(n, n) is the number of all perfect lattice paths from the (1, 1)-blank to the last columns. However, some lattice paths leave T in rows m + 1, m + 2, . . . n of T ′ . We shall count the number of such paths. Consider the column i a path starting from (1, 1) left the table T for the first times. Clearly, m + 1 i n. The number of such paths is D 1 (i − 1, m) and the number of paths starting from (i, m + 1)-blank and ending at the last column in simply 3 n−i . Thus the number of such paths leaving T is equal to
from which the result follows.
Example 2.6. Using Lemma 2.5, we can calculate H(9, 5) as
Lemma 2.7. Inside the m × n table, we have
for all 1 s n. Example 2.8. Table 1 shows that D 1 (9, 5) = 195. Lemma 2.7 gives an alternate way to compute D 1 (9, 5) as in the following:
=9 × 1 + 12 × 4 + 9 × 9 + 4 × 12 + 1 × 9 = 195.
Lemma 2.9. Inside the m × n table, we have
for all s n + 2.
Proof. Allowing the paths leak out of the m × n table T , the number of all perfect lattice paths from the first column to the (s, t)-blank is 3 
for all a, b 1 such that a + b = n + 1. In other words, the inner product of columns a and b equals I m (n). In particular, if n = 2k − 1 is odd, then
Proof. Every perfect lattice path crosses the column a at some row, say i. The number of such paths equals the number D(a, i) of paths from the first column to the (a, i)-blank multiplied by the number D(n − (a − 1)a, i) = D(b, i) of paths from the last column to that blank, from which the result follows.
3. the number of perfect lattice path without considering leave the table T
In this section, we calculate the number of all perfect lattice path from (1, 1)-blank to (x, y)-blank without considering leave the table T . consider x be a positive integer,( otherwise, we changeable steps (1, 1) with (−1, 1)), we denoted this perfect lattice path by S(x, y).
Theorem 3.1. Let T = T n,m , and n, m be positive integer. Then S(x, y) given by
Proof. Let P be a lattice path starting from the (1, 1)-cell and ending at the (s, t) with three steps u, r, d. Clearly, for across form (x, y)-cell, need to use x times from u step. Let |u| P = x + i, then |u| P − |d| P = x + 2i. This concluded |d| = y − x − 2i, where 0 i ⌊ y−x 2 ⌋.
In theorem 3.1, the number of perfect lattice paths to across (x, y) dependent to absolute value of x, for negative value of x we have S(x, y) = By using of the theorem 3.2, we can count I m (n) for case m + 3 n 2m + 5, since
S a,k (x, y).
But, in the following theorem we obtain I m (n) for more general condition n 2m.
